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The figures in the margin indicate
Jull marks for the questions.

1. Answer any seven questions from the
fOllOWing 3 1x7="7
(@) Describe the domain of definition of the

function f(z)=_2

Z+Z

(b) What is the multiplicative inverse of 5
non-zero complex number z =(x, y) ?
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| (i) The value of log(-1) is

() Verify that 3,1) (3,-1) &, &)=@1. | ) O
v | st ol i) 2nxi
(d) Determine the accumulation points of | (i) mi
e 7 G ) - (iv) - (Choose the correct answer)
n T ) yisce ) X
n

G), Iz = x +iy, thenysin ziis

(e) Write the Cauchy-Riemann equations (i)  sinxcos hy +icosxsinhy

for a function f(z)=u+iv. i e ;
(i) - cos xcoshy —isinxsinhy

(/) When a function fis said to be analytic - (1) cosxsinhy +isinxcoshy
at a point? \ :
(iv) sinxsinhy-—icosxcoshy

(g) Determine the singular points of the (Choose the correct answer)
' k) 1 & 0
function f(z)= &1— B Bl coscz e
z(zQ+1) ) z=nz(n=0,+1 £2,.)
e e T
(h) exp(2i3ﬁi) ia (ii) Z—"2—+n7f; (n=0,il,i2,...)
i) -e2 i)} == 2n7 (i =eiel £a0)
(i) &2 : |
(i) 2e fih S5z in =008 )
(iv) -2e  (Choose the rrent cridibry (Choose the correct answer)
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) If z is a point in the z-plane, then |

lim f(z)=c jf

Z—>w

(0l ey s

z-0 f(z)

(i)  lim f(lj L

z->0 7

@) him s

BRULT (Z)

() fim L =0
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(¢) Find all values of z such that
exp (2z - 1)=1.

(d) Show that Jog (i3)¢ 3logi.

(e) Show that

2sin (zl + 22) sin (z1 - zg) =C0S22, - cos 2z,

() If zp and wy are points in the z plane
and w plane respectively, then

prove that fim f(z)=« if and only if

zZ— 20
im ——=
z—2g f(Z)

(9) State the Cauchy integral formula. Fing

Y } dz  if z, is any i
: o
2l cZ—Zo 0 v

interior to simple closed contour C.

gl dt=—§+i.

(h) Show that P

(& Yo 18]
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3.

@ ()

(b)

(c)

Answer any three questions from the
following :

5x3=15

If a and b are complex constants;
use definition of limit to show that

Zlirgo(az+b)=azo+b. 2

(i) Show that
22
B% (E) does not exist. ?

Suppose that im

Z—)zo

im F(z)=w,.

Z-—)ZO

(2)= w, and

Prove that lin [

Z‘)ZO

f(2) F(2)] = woWo-

U ,ShOW that for the functio?
f(Z): Z, f’(Z) daaa ity CXist
anywhere. 3

(W) Show thay o 45 2

Z5 o (z N 1)2

3 (Sem-5/CBCS] MAT HC 1 (NMoy/e 6

@ (@)

(e)
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Show that the function
f(z)=expz is not analytic

anywhere. ; 3

(i) Find all roots of the equation
log z=iZ 2
2
If a function fis analytic at all

points interior to and on a simple
closed contour C, then prove that

[ flz)az=0.

Evaluate : 2Y%+2Y,=5
e ?
. dz
(1) !z—&ﬁm

z
L b

€

where C denotes the positively oriented
boundary of the square whose sides Jje

along the lines x=*2 and y=+9

Contd.



(g) Prove that any polynomial
P(z)=ay +az +ayz® +..+ a,z" (a, +0)

of degree n(n >1) has at least one zero:

() Find the Laurent series that represent®

th¢ function f(z)=z2sin (—12—) in. tHES
oy =

ddmain 0<|z|<w,

A R A A L TN N IR BN O PN o

Ij
!
|
l
1
,
i
%
i

|

|

4. - |
II:\Illlswer any three questions from the
ollowing : ' ‘ g

10x3=3% |
(@) ()

th

1r°“ghout a region R that is bot!
]

t 0sed ang bounded, then Prove
A Hhere axists a non-negative

I
€al numpey H such that | f (2)] =#
for an Pointg

Z iﬁ R uality
holds S , Where eq

least one such z
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If - |
a functiop f is continuou?®

(b)

(@)

(i11)

()

(@)

(iti)

Let a function

- f(z)=u(x, y)+iv(x, y) be analytic

throughout a given domain D. If
| f(z)| is constant throughout D,
then prove that f(z) must be
constant there too. 3
Show that the function

f(z) = sinxcoshy +icosxsinhy
is entire. _ 3

Suppose that f(z)=g(z,)=0
and that f '(ZO) g'(zo) exist, where

g'(z)=0. Use definition of
derivative to show that

f(z) Ay f’(zo)

lim = . 3
220 9(2)  g'(zo) |

Show that f’(z) does not exist at

any point if f(z)=2x+ixy?.
‘ 3

If a function fis analytic at a given
point, then prove " that its
derivatives of all orders gare
analytic there too. 4
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(c) Let the function

S@)=uls, y)tiv(c,y) be defined
throughout some e-neighbourhood of @

point ZO = xo +l'y0 W ux, uhs Uyr Uy

Z’:ll(sit €verywhere in the neighboul‘hood’
these partial deriyatives ’arC

. conti
Inuous at (xo: yo) sty the

C D
auchy-Riemann equationg at (xo» o)

then Prove that f'(zo) L and
()

U +iv, Where the right hen®
side i
€ IS to be evaluated at (xo, yo)'

Use it to show that for the furlctioIl

flz)= e e f”(Z) exists everywhere
- ) e o+4=1"
@) g

PI‘OVe th h@
. at the exi ofdl
deerativ@ A existence at

implieg thf a func'tion. at a Potl ¢
flmctio € continuity of
With 1 at that point. P
that tt}}: € help of an example Sh.(;ﬂ
eXisteggént does not imply
of derivative there:

+5¢8
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(i) Find f'(z) if

(e) (i)

dz ; A
Prove that I—;= 7t where C is
o

the right-hand half z=2¢%

(_%SHS%] of the circle |z|=2

from Z:—'Qi tO Z=2i. 5

@) If a function f is analytic
everywhere inside and on a simple
closed contour C, taken in the
positive sense, then prove that

f(s)

ds where s
(s-z)f

f'(z)=2;i£

denotes points on C and z is
interior to C. 5
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-(ﬂ () Evaluate I=[z21 g,

C
W.here. C is the Positively or fented
Circle > ' paie (~r<p< ) abou®

the orio;
z Origin and ¢ denote any no™
€ro rea] Number.

If ai |
1S a non-zerq integer n, the’s

what is the value of J‘zn~l dz ?

(ii) Let ¢ denote
Hihice
1S o

a contour of lengt!
I e that a function f (?)
Ewise continuoys on C. }

10n-nega tive constant sucl
that | £(y), '

S u for gl : on C
at whicp, # all point z

2) is defined, then prov¢

that

é[f(z)dz SuL

Se it t ﬁ
© show that <3

Where @

dz
L

|2| =) IS the arc of the circl
; from 2= 2 to z=2i that lie®

in th
LS tuadra 34277
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(g () Apply the Cauchy-Goursat

‘theorem to show that _ff (Z)=O
c
when the contour C-is the unit

circle |z|=1, in either directioﬁ
and’ f(z)= ze =. 4
() If Cis the positively oriented unit
circle |z|=1 and f(z)= exp(2z)
Ll

z

find I 2
o)

(iii) Let zp be any point interior to a
positively oriented simple closed
curve C. Show that

(ISR AR % L T
C (Z_zo)n

(h)- (i) Suppose that Zy =% +1y. .
" (n=1,2,...) and z=x+iy. Prove

that lim z, =z if and only if

n—w
im x, =x and lim y, =y. S
] n—ow n—>o
(i) Show that
z%e’? = i <y zh (|z| <oo)
= (n-2)
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